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Motivation - CPR work
Each year, more than 250,000 people die from cardiac arrest in the
USA alone. Despite widespread use of cardiopulmonary
resuscitation, the survival of patients recovering from cardiac arrest
remains poor.

The rate of survival for CPR performed out of the hospital is 3%,
while for patients who have cardiac arrest in the hospital, the rate
of survival is 10-15%.
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The standard and various alternative CPR techniques such as
interposed abdominal compression IAC, active
compression-decompression, and Lifestick CPR have been
represented in various models. Here, we consider a model for CPR
allowing chest and abdomen compression and decompression.

We apply the optimal control strategy for improving resuscitation
rates to a validated circulation model developed by Babbs.

In his model, heart and blood vessels are represented as
resistance-capacitive networks, pressures in the chest and in the
vascular components as voltages, blood flow as electric current,
and cardiac and venous valves as diodes (devices w/ flow in only 1
direction).
Reference: Babbs, Circulation 1999.
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Diagram of Circulation Model
← Thoracic aorta → Abdominal aorta
↓

Carotid Artery ↑ ↓
↓

Thoracic pump ↓

↓

Jugular vein ↑ ↓

↓
→ Right heart, superior vena cava → Inferior vena cava
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State Variables
As controls, we choose the the pattern of the external pressure on
the chest and on the abdomen. The pressure state variables are as
follows:
P1 pressure in abdominal aorta
P2 pressure in inferior vena aorta
P3 pressure in carotid artery
P4 pressure in jugular vein
P5 pressure in thoracic aorta
P6 pressure in rt. heart,superior vena cava
P7 pressure in thoracic pump and left heart.
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The chosen CPR model consists of seven difference equations, with
time as the discrete underlying variable.
At the step n, when time is n∆t , the pressure vector is denoted by:

P(n) = (P1(n),P2(n), ...,P7(n)).

We assume that the initial pressure values are known, when n = 0.
To make the chest pressure profiles medically reasonable, assume
i.e., ui (0) = ui (N − 1).

u1 = (u1(0), u1(1), ..., u1(N − 2), u1(0)),

u2 = (u2(0), u2(1), ..., u2(N − 2), u2(0)),
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Difference Equations Model for n = 1, 2, ...,N − 1 (in vector
notation)

P(1) = P(0) + T1(u1(0)) + T2(u2(0)) + ∆tF (P(0)), (1)

P(n + 1) = P(n) + T1(u1(n)− u1(n − 1)) (2)

+T2(u2(n)− u2(n − 1)) + ∆tF (P(n)), (3)

T1(u1(n)) = (0, 0, 0, 0, tpu1(n), tpu1(n), u1(n)),

T2(u2(n)) = (u2(n), u2(n), 0, 0, 0, 0, 0).
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Note that the pressure vector depends on the control, P = P(u),
and the calculation of the pressures at the next time step requires
the values of the controls at the current and previous time steps.
We use extension of the discrete version of Pontryagin’s Maximum
Principle.
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Show function F (P(n)) by some of its seven components:

1

caa

[

1

Ra

(P5(n)− P1(n))−
1

Rs

(P1(n)− P2(n))

]

1

civc

[

1

Rs

(P1(n)− P2(n))−
1

Rv

(P2(n)− P6(n)

]

1

ccar

[

1

Rc

(P5(n)− P3(n))−
1

Rh

(P3(n)− P4(n))

]



Optimal control applied to a CPR model with chest and abdominal pressures

continued

1

cjug

[

1

Rh

(P3(n)− P4(n))−
1

Rj

V (P4(n)− P6(n))

]

1

cao

[

1

Ro

V (P7(n)− P5(n))−
1

Rc

(P5(n)− P3(n))

]

+
1

Ra

(P5(n)− P1(n))−
1

Rht

V (P5(n)− P6(n))

]

where the valve function is defined by
V (s) = s if s ≥ 0
V (s) = 0 if s ≤ 0.

Three valves: between compartments 4 - 6 AND 5 - 7 AND 5 - 6.
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Goal
Choose the control set U ⊂ ℜ2N , defined as:

U = {(u1, u2)|ui (0) = ui(N − 1)

−Ki ≤ ui (n) ≤ Li , i = 1, 2, n = 0, 1, . . . ,N − 2}.

We define the objective functional J(u1, u2) to be maximized

N
∑

n=1

[P5(n)− P6(n)]−

N−2
∑

n=0

[
B1

2
u

2
1(n) +

B2

2
u

2
2(n)] (4)
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Adjoint and OC Characterization
Given an optimal control (u∗

1u
∗

2) and the corresponding state
solution, P

∗ = P(u∗

1 , u
∗

2), there exists a solution of the adjoint
system:

λ(n − 1) (5)

= λ(n) + ∆tM
τ (n − 1)λ(n) + (0, 0, 0, 0, 1,−1, 0)τ , (6)

λ(N) = (0, 0, 0, 0, 1,−1, 0)τ , (7)

for n = N, . . . 2, where M
τ denotes the transpose of M, with

M(n) = ∂F (P(n))
∂P
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continued

u
∗

1(n) =
1

B1
[tp(λ5(n + 1) + λ6(n + 1)− λ5(n + 2)

−λ6(n + 2)) + λ7(n + 1)− λ7(n + 2)]

u
∗

2(n) =
1

B2
[λ1(n + 1) + λ2(n + 1)− λ1(n + 2) (8)

−λ2(n + 2)] (9)

and similar formulas for n = 0.
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Idea
Use derivative of the map from controls-to-states to form the
sensitivity operator and equations. Use the sensitivity operator and
the form of the objective functional to find the adjoint system.

Use the adjoint system to simplify the quotient below and obtain
OC characterizations

0 ≥ lim
ǫ→0+

J(u∗ + ǫl)− J(u∗)

ǫ



Optimal control applied to a CPR model with chest and abdominal pressures

Numerical Implementation
Involves an iterative method with a forward sweep of the
circulation model followed by a backward sweep of the adjoint
model with a control characterization update afterwards.

The iterative method starts with a guess for the control values and
then the control is updated after each forward sweep and backward
sweep. The forward sweep and backward sweep are repeated until
the convergence of the iterates is achieved.
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Pressure Profiles
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Figure: Each waveform represents one cycle.
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Optimal Controls for Lifestick
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Figure: Controlled chest and abdominal pressure plotted top/bottom
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Optimal Controls for IAC
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Figure: Controlled chest and abdominal pressure plotted top/bottom
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Conclusions
Note that these results correspond with current suggested changes
in CPR.

One can achieve about 20 to 30 percent improvement in the SPP.

Note we received a patent for the idea of optimal control of CPR
models.

this work: IMA Journal Mathematical Medicine and Biology 25,
2008, 157-170.
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