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Philosophical Foundations

Uncertainty Quantification and the Philosophy of Science

Thomas Bayes 1702–1761
Essay towards Solving a Problem

in the Doctrine of Chances, 1764

David Hume 1711–1776 A Treatise on Human Nature, 1739

Hans Reichenbach 1891–1953 The Rise of Scientific Philosophy, 1951

Sir Karl Popper 1902–1994 The Logic of Scientific Discovery, 1954

Colin Howson

and Peter Urbach

Scientific Reasoning – The Bayesian

Approach, 2006
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Philosophical Foundations

David Hume (Skepticism)

The Problem of Induction

The philosophical question of whether

inductive reasoning leads to knowledge

Induction presupposes that a sequence of

events will occur in the future as it always

has in the past
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Philosophical Foundations

Sir Karl Popper

The Principle of Falsification

A hypothesis can be accepted as

a legitimate scientific theory

if it can possibly be refuted by

observational evidence

ü A theory can never be validated; it can

only be invalidated by (contradictory)

experimental evidence.

ü Corroboration of a theory (survival of

many attempts to falsify) does not

mean a theory is likely to be true.
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Philosophical Foundations

The Imperfect Paths to Knowledge

of

THE UNIVERSE

REALITIES

PHYSICAL

VALIDATION VERIFICATION
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OBSERVATIONS MATHEMATICAL

THEORY /

MODELS

COMPUTATIONAL
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Errors

Modeling Discretization

Errors

KNOWLEDGE
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Philosophical Foundations

The Path to Truth . . .

“If error is corrected

whenever it is recognized as such,

the path to error

is the path of truth.”

Hans Reichenbach

The Rise of Scientific Philosophy, 1951.
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Philosophical Foundations

A Comprehensive Approach to Uncertainty Quantification

Three primary processes in computational UQ

• Calibration – infer model parameters from data (Bayesian Inference)

• Validation – build confidence by evaluating consistency with experiments

• Prediction – predict a Quantity of Interest (QoI) and it’s uncertainty

Validation is the central activity and challenge

• Involves calibration and prediction (uncertainty propagation)

• Drives model development and experimental measurement

• Fundamental to scientific inquiry

• Is more challenging in the presence of uncertainty

Bayes: Probability represents lack of knowledge (uncertainty)

R. D. Moser UQ for Atmospheric RVs 6 / 22



Philosophical Foundations

The Bayesian Approach

P (B|A) =
P (B ∩ A)

P (A)

P (A|B) =
P (A ∩ B)

P (B)

P (B|A) =
P (A|B)P (B)

P (A)

Let A = data, B = parameters

Then P (A|B) = the model
Thomas Bayes

posterior knowledge =
likelihood of data · prior knowledge

probability of data

“Theories have to be judged in terms of their probabilities in light of the evidence”.

R. D. Moser UQ for Atmospheric RVs 7 / 22



Turbulence Example

Incompressible Turbulent Flow Example

Motivation

Explore turbulence model validation in a simpler, but relevant, flow regime

Explore uncertainties from model inadequacy

Calibration/Validation Process Overview

1 QoI: Wall shear stress (τw) in favorable pressure gradient (FPG)

turbulent boundary layer (TBL) flow.

2 Prediction tolerance: Need QoI prediction to 5%

3 Modeling: RANS + Spalart-Allmaras turbulence model + multiple

uncertainty models

4 Prior: SA common choice for TBL with mild pressure gradient; plenty

of literature

5 Experimental data: Three flat plate TBL experiments with varying

pressure gradient conditions

R. D. Moser UQ for Atmospheric RVs 8 / 22



Turbulence Example

Example: Models of Interest

Physical Model

• Reynolds-averaged Navier-Stokes (RANS) equations

• Boussinesq approximation: −u′

iu
′

j = 2νts̄ij − 2

3
kδij

• Spalart-Allmaras turbulence model: νt = νsafv1

∂νsa

∂t
+ ūj

∂νsa

∂xj

= cb1Ssaνsa − cw1fw

„

νsa

d

«

2

+
1

σ

∂

∂xj

"

(ν + νsa)
∂νsa

∂xj

#

+
cb2

σ

∂νsa

∂xj

∂νsa

∂xj

Structural Uncertainty Models

RANS-SA is known to be imperfect. Evaluate three uncertainty models.

• M1: SA model is perfect → no uncertainty

• M2: Independent, Gaussian uncertainty in observables

yi = ηifi(θ), η ∼ N(1, σ2I)

• M3: Correlated, Gaussian uncertainty in velocity field

U(x;θ;α) = A(x;α)usa(x,θ), A ∼ N (1, k(x,x′;α))
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Turbulence Example

Example: Parameter Posterior PDFs

cv1 Marginal Posterior
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Observations

• Uncertainty representation can affect parameter posterior

• κ very well determined by the data, but is different from nominal
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Turbulence Example

Example: Plausibility and Validation

5.5 6 6.5 7
0

1
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9

q = τ
w
 /ρ [m2/s2]

p(
q)

 

 

M
1

M
2

M
3

Mi N P (Mi|d,M)

M1 7 1.6 × 10−10

M2 8 1.4 × 10−10

M3 9 ≈ 1

Bayes’ Theorem

P (Mi|d,M) = P (d|Mi,M)P (Mi|M)
P (d|M)

• Bayesian process enables relative evaluation of models

• M3 dramatically preferred by the data

• Evaluations of QoI can invalidate M1 (the physical model) & M2

• Says nothing about the validity of M3
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Algorithms

Algorithmic Challenges

• Sampling most common probabilistic algorithm

◮ Monte Carlo sampling (MCS) )for forward propagation
◮ Markov Chain Monte Carlo (MCMC) for inverse problems (Bayesian

inference)
◮ Converge slowly like 1/

√
N

• Stochastic collocation and the like

◮ Rapid convergence for smooth distributions
◮ Curse of dimensionality

• Use structure of forward problem to accelerate sampling

◮ Derivative of outputs wrt inputs
◮ Example: Stochastic Newton for Bayesian inference

R. D. Moser UQ for Atmospheric RVs 12 / 22



Algorithms

Deterministic vs. Stochastic Newton

Deterministic Newton:

• Given a cost function − log π(x)

• xk+1 = xk − H−1∇x(− log π)

• Minimizes local quadratic approximation at each step

Stochastic Newton:

• Given a probability density π(x)

• xk+1 = xk − H−1∇x(− log π) + N (0,H−1)

• Samples local Gaussian approximation at each step

Unpreconditioned Langevin resembles steepest descent

• xk+1 = xk − ∆t∇x(− log π) +
√

2∆t N (0, I)
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Algorithms

Rosenbrock illustration: Random walk
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k+1
= xk + N (0, I)
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Algorithms

Rosenbrock illustration: Hessian-preconditioned

Langevin

!!∀# ! !∀# ∃
!!∀#
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!∀#

∃

%

&

xprop

k+1
= xk − H−1∇x(− log π) + N (0,H−1)
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Algorithms

Stochastic Newton: Large-scale issues
At each MCMC step we need to

• solve systems of form Hv = b

• evaluate matvecs of form H− 1

2 w

Key idea: never form H ; instead:

• recognize that H is sum of data misfit term, which is often equivalent to a

compact operator, and (the inverse of) a smoothing prior, which is often

equivalent to a differential operator:

F T
Γ
−1
noiseF + Γ

−1
pr

• develop fast algorithms for low rank (in particular, truncated spectral

decomposition) approximation of data misfit operator; often require constant

number of forward/adjoint solves, independent of problem size

• combine with Sherman-Morrison-Woodbury to invert/factor (requires

constant number of forward/adjoint solves)

• construct fast (multilevel) preconditioners for Hessian
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Stochastic Newton Example

Convergence comparison for 65-layer seismic inversion
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Multivariate potential scale reduction factor (MPSRF) convergence statistic

for 65-layer problem

unpreconditioned Langevin vs. stochastic Newton vs. Adaptive Metropolis
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Stochastic Newton Example

Rescaled 65-layer MPSRF convergence
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MPSRF statistic for 65-layer problem as function of wall clock time

(dense implementation – not recommended!)
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Stochastic Newton Example

65-layer posterior

Density plot of marginal pdfs of posterior of elastic moduli of 65 layers

Blue curve is “truth” modulus used to synthesize observations

Other colors are draws from posterior
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Stochastic Newton Example

MPSRF convergence for 1025-layer seismic inversion
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Stochastic Newton Example

1025 layer posterior

Density plot of marginal pdfs of posterior of elastic moduli of 1025 layers

Blue curve is “truth” modulus used to synthesize observations
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Summary

Living with Uncertainty

• Treating uncertainty in simulation of large complex systems is
required

◮ Avoid fooling ourselves
◮ Used to make high-stakes decisions
◮ Major challenge in computational science

• Methodological issues (modeling uncertainty, validation, etc.)

• Algorithmic issues
◮ Curse of dimensionality
◮ Forward and inverse (inference) problems
◮ Need access to structure of input-output map (e.g. adjoints)

• Computational issues
◮ Need many “forward” simulations O(103 to much more)
◮ Expensive forward problems ⇒ extremely expensive UQ

• Uncertainty quantification is particularly important in some problem
domains:

◮ Turbulence & turbulence modeling
◮ Combustion
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